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Abstract. We compute the Betti numbers and describe the cohomology al- 
gebras of the ordered and unordered configuration spaces of three points in 
complex projective spaces, including the infinite dimensional case. We also 
compute these invariants for the configuration spaces of three collinear and 
non-collinear points. 

1. Introduction 

The ordered configuration space of n points F(X, n) of a topological space X is 
defined as 

F(X,n) = {(xi,x 2 , . ..,x n ) S X n | Xi ^ xj for i ^ j}. 

The symmetric group on n letters acts freely on this space and its orbit space is 
the unordered configuration space, denoted by C(X, n). The induced action on the 
cohomology algebra (with rational coefficients) H*(F(X,n)) has as the invariant 
part the rational cohomology of C(X,n). 

For X a smooth complex projective variety, I. Kriz [K] constructed a rational 
model E(X,n) for F(X,n), a simplified version of the Fulton-MacPherson model 
[FMj . Let us remind the construction of Kriz. We denote by p* : H*(X) -> H*(X n ) 
and p*j : H*(X 2 ) -> H*(X n ) (for i ^ j) the pullbacks of the obvious projections 
and by m the complex dimension of X. The model E(X, n) is defined as follows: as 
an algebra, E(X, n) is isomorphic to the exterior algebra with generators Gij, 1 < 
hj<n (of degree \Gij \ = 2m — 1) and coefficients in H*{X)® n modulo the relations 

p/(i)G« = px(x)Gii, (i<j),xGH*(X), 
GikGjk = GijGjk — GijGik, (i < j < k). 

The differential d is given by d\jj*{x)® n = an( i d(Gij) = p*,-(A), where A = 
w(g>l + ... + l®w G H*(X) ® H*(X) denotes the class of the diagonal and 
w G H 2m (X) is the fundamental class. This model is a differential bigraded algebra 
E(X,n) = n): the lower degree q (called the exterior degree) is given by 

k,q 

the number of exterior generators Gij , and the upper degree k is given by the total 
degree. The multiplication is homogeneous and the differential has bidegree (^) 

E\ ® E$ -> E^f , d : E\ -> E k q +l , 

ifei/ words and phrases. Configurations in complex projective spaces, Kriz model, representa- 
tions of symmetric group. 
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therefore the cohomology algebra of the configuration space, H* = H*(F(X,n)), 
is a bigraded algebra and we will compute the two variable Poincare polynomial 

The canonical basis for the Kriz model is given by products of exterior elements 
Gi,j, = G llh Gi 2j2 . . .Gi q0q , where J* = (ii,...,i q ), J* = (ji,...,j q ), satisfying 
ia < ja (a = 1, 2, . . . , q) and jx < 32 < ■ ■ ■ < jg, with scalars a;* = x\ <8> £2 <8> ■ ■ • <8 x n 
(the factors belong to a fixed basis of H*(X)), and Xj = 1 if j € J*, see [B], [BMP 
or |AABj for more details). 

The symmetric group <S„ acts on each bigraded component Eg (X, n) by per- 
muting the factors in H*(X n ) — H*® n and changing the indices of the exterior 
generators (see |FM| and [K]): for an arbitrary permutation a e S n 

a(p* 1 (x 1 ) . . .p* n (x n )Gi,j,) = p* a[l) {xi) . . .p* in) {x n )G a ( I , )ai j„y 

The differential is equivariant (see [AABj l. and therefore we can split the differential 
algebra (E*,d) into isotypical parts corresponding to partitions A of n, A h n, 

(E:(X,n),d)^®(E:(X,n)(\),d x ). 

In [F Th] Felix and Thomas proved that for even dimensional closed manifold 
M the rational Betti numbers of C (M, n) are determined by the graded cohomol- 
ogy algebra H*(M;Q), and, as an application, they computed the Betti numbers 
of C(CP 3 ,3). A presentation of the rational cohomology of C(CP 2 ,n) appears 
in [FT] by analyzing the iS n -invariant part of the spectral sequence converging to 
H*{F(M,n)), introduced by Cohen and Taylor [CT]; see also [FOT] . In [5] Kriz 
model and some natural fibrations are used to compute H* (F(CP m ,2)) for an 
arbitrary finite m and H*(F{CP m , 3)) for m < 4. In [FZ] Feichtner and Ziegler 
described the cohomology algebra of ^(CP 1 , n) with integer coefficients. The sym- 
metric structure of H*(F(CP 1 ,n)) was considered in [AAB . 

In this paper we analyze the cohomology of various configuration spaces of three 
points in complex projective spaces CP m for m > 2, including the infinite dimen- 
sional space, using the representation theory of the Kriz model and some associated 
spectral sequences. 

In Section 2 we describe the symmetric structure of the Kriz model E* = 
E*(CP m ,3). The irreducible modules corresponding to the partition A will be 
denoted by V^(A), as in [FHj . The multiplicities of the irreducible ^-modules in 
Eq are given in terms of partitions and bounded partitions of an integer into three 
parts, see Proposition 12.11 Explicit formulae for these numbers are given in the 
Appendix. In the stable cases, m > 5, the pairs (k,q) with non-zero E^(X) and 
those with non-zero H^(X) are given in the next diagrams (the former pairs are 
marked with small circles and the latter with bullets; the dots mark the places 
where E k q ^ and E k q {\) = 0). 
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In Section[3]we compute the Betti numbers of each isotypical part of E*(CP m , 3). 
Summing up their Poincare polynomials we obtain 

Theorem 1.1. The two variable Poincare polynomial for the ordered configuration 
space F(CP m ,3) is given by: 

^(o- 3)(M) = Cm-iW + st im - l C m ^(t). 

In this theorem and the next ones we use the notation 

r m (x,y) =x m +x m - 1 y + ... + y m ,C m (t) =r m (l,t 2 ) = 1 + 1 2 + . . . + t 2m . 

In the Appendix one can find the proof of following: 

Corollary 1.2. The sequences of even and odd Betti numbers of the configuration 
space F(CP m ,3) and also the sequences of its isotypic parts are unimodal: 

A) < & < • ■ • < fci > > ■■■ > > Pern, 

/?l</3 3 < •■• < Pij-l > foj+l > ■•• > /3 6 m-3 > Ptm-1. 

In Section 4 the multiplicative structure of the cohomology algebras H* (F(CP m , 3)) 
and H*(C(CP m ,3)) is analyzed. 

Theorem 1.3. The cohomology algebra H*(F(CP m ,3)) has the presentation (as 
a graded commutative algebra): 

{a\,a 2 ,a 5 ,ri\ a™ +1 , r m (a 4 , aj), (a, - aj)i],a™r]) 

where |a»| = 2, \rj\ = 4m — 1. 
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From the Newton's version of the fundamental theorem of symmetric polynomi- 
als, there are uniquely defined polynomials P& G Q[Xi, X2, X3] such that 

X\ + X* + X$ = P fc (Xx + x 2 + x^.xl + x\ + xl xl + xl + xl), 

and these are used in Theorem [L4] and in Section [4] 

Theorem 1.4. The cohomology algebra H* (C(CP m , 3)) has the presentation (as 
a graded commutative algebra): 

I n,T2,T3, 



V 



P m+ i, P m+2 , P m+3 , (ti ~ 3r 2 )?7, (tit 2 - 3t 3 )tj, P m rj, \ 

m m— 1 m — 2 \ 

{in -)- l)P m P{P ra —{ 1 P^P m _j, PiP m — i I 

i=0 i=l i=2 ' 

where \n\ = 2i (i = 1,2,3), \q\ = 4m - 1 and P fe = Pfe(ri, r 2 , r 3 ). 

In the next Section we describe the "stable cohomology" of the configuration 
spaces: as the limit lim m F(CP m , n) = F(CP°° ,n) has the homotopy type of 
(CP 00 )™, sec Theorem l5.ll we obtain 

Theorem 1.5. The cohomology algebras of the ordered and unordered configuration 
spaces of the infinite complex projective space are given by 

H *(F(CP°°,n)) SS Q[xi,X2,...,x n ], 
H *(C(CP°°,n)) = Q[a u a 2 ,...,a n ], 

where \xi \ — 2 and \o~i\ = 2i. 

and the corollary 

Corollary 1.6. The inclusion CP" 1 CP 00 induces an isomorphism 
H k {F(GP°°,n)) S H k (F(CP"\n)) 

fori) <k < 2m- 1. 

In Section 6 we compute the Betti numbers of the spaces of configurations of 
three collinear points and configurations of three non-collinear points (see |BP] for 
the fundamental groups of these spaces): 

P c (CP m , 3) = {(p, q, r) S P(CP m , 3) \ p,q,r are collinear}, 
P„ c (CP m ,3) = P(CP m ,3) \P c (CP m ,3), 

Theorem 1.7. The Poincare series of the space of configurations of three collinear 
points in <CP m is given by: 

Pi^Ci- 3)(*) = (1 +t^)C m ^(t) = [l+t ^-M \ 

in the finite case. If m is infinite we have 

Pf c (CP~,3)(*) = 1 _ t 2- 

Theorem 1.8. The Poincare series of the ordered configuration space of three 
non-collinear points in complex projective space is given as: 

PF„ c (CP m ,3)(^) = C m ^ 2 {t) ■ C m _i(t) • C m (t) — ^ 3 , 

in the finite case. If m is infinite we have 



*V„.(CP~,3)(*) - ^ - 
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2. The ^-decomposition of E*(CP m ,3) 

The equation a + b + c — k (a, b, c are non-negative integers) has three types of 
solutions: the first type when a, b, c are pairwise distinct, the second type when the 
set {a,b,c} has two elements, and the third type when a = b = c (if 3 | k). The 
symmetric group S3 acts on the set of triplets (a, 6, c) and linearizing this action 
we find the next ^-modules corresponding to the three types: 

Q[S 3 ]{a,b,c) = V(3) ® 21/(2, 1)®V(1, 1,1), 
®[S 3 ]{a,a,b) £ V(3)®V(2,1), 
®[S 3 ]{a,a,a) = V(3). 

We denote by P 3 (k) the cardinality of partitions of k into three non- negative parts 

P 3 (fc) = card{(a, b, c) \ a>b>c>Q,a + b + c = k} 

and also by P 3 ,< m (k) the cardinality of bounded partitions 

P 3 ,<m{k) = card{(a, b, c) \m>a>b>c>0,a + b + c = k}. 

See the Appendix for the computation of these numbers and some of their elemen- 
tary properties. 

In the next statement we will use the notation r 3 (k) = 1 if 3\k and otherwise; 
the component £^(CP m ,3) is denoted shortly E k . From now on, H* will denote 
the cohomology algebra H*(CP m ; <Q>) = Q[x]/(x m+1 ), where \x\ = 2; the canonical 
basis is {l,x, . . .,x m } and A = x m eg) 1 + x" 1 ^ 1 Cg> x + . . . + 1 <g> x m . 

Proposition 2.1. TTie non-zero bigraded components E^ are decomposed into ir- 
reducible S 3 -modules with multiplicities from the following table: 





7(3) 


7(2,1) 


7(1,1,1) 


E -2 V 2m-l )+ -2K ^ ^ l3 m-i;- a * (0 < 2fc < m) 

E (2 m -i )+ 2k ^ ^(em-D-afc (0 < fc < m) 

^2fc s £ 6m-2fc (0 < 2fc < 3m) 


M3(fc) 


1 

fc + 1 

M2,l( fc ) 


Mi,i,i(^) 



where 



fJ, 3 (k) = P 3 ,<m{k), 

/i 2il (fc) = 2F 3 ,<m(fc)-(L|J + 1 + r 3 {k) - max{0, \ 

= P 3 ,<m(k) + P 3 ,< m -2(k-3)-r 3 (k), 

= ^3,< m (fe)-(LiJ + i-^{o,r-^i}) 

= P?,,< m -2{k - 3). 

Proof. All the cohomology classes in iJ* are of even degree, hence is^ = if fc+g = 1 
(mod 2). For large values of fc we use the S 3 -equivariant Poincare duality, see [AAB . 

0) The action of S3 on E^ k is equivalent with the action on the set of non negative 
solutions of the equation a + b + c — fc, a, 6, c < m and the decompositions of the 
three types were given above. The multiplicity ^i,i.i(fc) is given by the number of 
solutions of the equation 

a + b + c = fc, m > a > b > c > 0, 

and this number equals the number P 3t < m (k) minus the number of solutions of the 
equation 

2a + 6 = fc, m > a, 6>0 
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and this gives the interval max{0, f^T 1 ]} — a — LfJ' ( nere & < tt)- The second 
formula is a consequence of the bijection 

(. . a + 6 + c = /c, 1 f- . a + /3 + 7 = k - 3, 1 

j(aAc) m > a>6>c > J ~ |l",P>7J m-2>a>/3>7>0 J 

(a,b,c) O (a - 2,6- l,c). 

The multiplicity /i2,i(fe) is given by the total number of solutions of the first two 
types, P3,< m (fc) — ^3(fc), plus the number of solutions of the first type, /tii,i,i(fe). 

1) The elements of the canonical basis _g , ( 2 " l_1 )+2fc correspond to the marked 
graphs (r^i), (x h , x h )) such that h' + h" = k, where < k < m (see [AAB for a 
marked version of the graphs introduced in |LSj ). The possible marks (h' , h") are 
(0, k), (1, k — 1), ... , (k, 0) and the corresponding marked graphs are: 

- ' - ■ ' .' . ' ' • I < - ' - - J 

1 2 3 1 2 3 1 3 2 

The transposition (12) preserves the first marked graph and the 3-cycles have 
no contribution to the trace, hence the character of this representation gives the 
decomposition V(3) ® V(2, 1). 

2) For £2(2m-i)+2fc we h ave a U nique type of associated marked graphs, (T( 3 ) , x hl ), 
giving the irreducible module V(2, 1): 



(r ( 3),^) 



□ 



3. Computing the differentials 
For three points in CP m we have the decomposition 

{Ei.d) = (£;(3),d 3 )e (f;;(2,i),d 2 ,i)©(s;(i,i,i),di,i,i) 

corresponding to the three partitions of 3. We analyze the properties of the differ- 
ential in each of these three components. 

Lemma 3.1. For < k < m — 1 the differential ds is injective 
d : E[ 2m - 1)+2k (3) >-> E 2 m+2k (3). 

Proof. We introduce nitrations on both £?f m-1)+2fc (3) anc ; E 2m+2k (3). For a triple 
a = (a, b, c) with \a\ = a + b + c = m + k and m>a>b>c>0 we denote by v a 



the element of i? 



2m+2fc 

v a = 7r(x a ® x h ® x c ). 

1TS53 

It is obvious that {v a \ \a\ = m + k} is a basis of i?Q m+2fe (3). Using the lexicographic 
order on a's we define an increasing filtration on E 2m+2k {3) by 

0<a 
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We choose the basis of the module E[ 2m ^ +2fe (3) given by: 

a a = (x a <8 1 <g> x k - a + x k - a <g> 1 <g> x a )Gi2 + (x a <g> x k ~ a ® 1 + x k - a <g> x a (8 l)Gi 3 
+ (x fe ~ a ® x a ® 1 + x a <8 x fc_a ® 1)G 23 

fc— o _ «.fe— a «> 1 <> ~a\/"i i f™a .o, _,fe~o .o, i _ „fe-a , 



S a = {x a <8 1 <8> x fe ~ a - a;*" O 1 ® x a )Gi 2 + (x a <8> x fc " a <g> 1 - x fc - a <8 x a <8> l)Gi 3 
+ (x fe ~ a ® x a <g> 1 - x a <8 x fc ~ a <g) 1)G 23 , 

where |~§ ] < a < fc. 

We define an increasing filtration on E^ m ^ +2fe (3) in two steps: 

V a = © QW and 5a = ^fe®( © Q(<r 6 )). 

b<a ^ 

The leading monomial of d(5 a ) is given by the projection of d(S a ) on the monomials 
containing x rn or x" 1-1 on the first position: 

W( m ,m-l)( d ( S a)) = X m <8 X a (8 X fc - a + X™" 1 ® X a+1 ® X fc - a - 

-x m (8) x fe ~ a (8 x a - a;" 1 " 1 O x fc " a+1 <g> x a + 
+x m (8) x fe_a <8 x a + x m_1 (8 x fc ~ a <8 x a+1 - 
-x m (8 x a (8 x fc ~ a - x" 1 - 1 (8 x a (8 x fe " a+1 = 
= a;" 1 " 1 ®x a+1 (8 x fc ^ a (8x a+1 - 



On the other hand, 



P r (m,m-i)( d K)) = x m ®x a ®x fc - a +x 



-x™" 1 (8 x fc - Q+1 <8 x a - x™" 1 <8 x a (8 x fc ~ a+1 



a ^.k — a I m— 1 ,0, „a+l ,0, ~,k— a 



x (8 x 



+x m (8 x fc_a (8 x a + x m_1 (8 x fc ~ a+1 (8 x a + 
+x m (8 x fc ~ a (8 x a + x™" 1 (8 x k ~ a (8 x Q+1 + 
+x m <8 x a (8 x k - a + x™- 1 <8 x a (8 x fc ~ a+1 , 

hence d(a a ) has x m (8 x a (8 x fc_a as the leading monomial. These computations 
imply the injectivity of the map induced by the differential d between the graded 
modules associated to the nitrations (2?* , ) and % : 

( e £>„/£>„_!) 0( e e a /e«-i)-0r a /r< a 

(here Ppfc^ = and = £V) Therefore the map : E[ 2m ^ +2fe (3) — > 

£ 2m+2fe (3) is injective for k < m - 1. □ 

Lemma 3.2. For m < k < 2m — 1, i/ie dimension of the space of cocycles in 
^,(2m-i)+2i:pj ^ ^ m s£ one. 

Proof. We consider the basis of the module i^ 2m ^ +2fe (3) given by the vectors a a 
and S a , where < a < m and the same filtration as defined in the previous 
lemma. We prove that the induced map on the hyperplane Q m -i is injective. 
Similar computations for the leading terms in the differentials of the elements of 
the basis {cr*, <5*} give that the differential of S a , for a ^ m, has the highest term 
x m_1 (8 x a+1 ® x fe ~ a (for (5 m the highest term is x m ® x m ® x k ~ m ). On the other 
hand, the leading monomial in the differential of a a is x m (8 x a <8 x k ~ a . Thus the 
leading monomials do not interfere except the ones corresponding to S m and cr m 
and the differential is injective on the hyperplane 



Gm-l =5 m 0( 



b<m-l 
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□ 

Remark 3.3. For k = 2m, d : ^ m_1 (3) -> E% m (3) is injective since both the 
spaces are one dimensional and the differential is not zero. In this case the unique 
generator is a m = 2(x m ®l®x m G 12 +x m ®x m ®lG 13 +x m ®x m ®l G2z) 6 Ef" 1 ' 1 ^). 
More generally, the right side of the trapezoid E* is acyclic, see [AAB] . 

The coordinates of the vector W in the next lemma correspond to the frame 
x m <g> 1 <g> IG12 + x m ®l® 1G 13 + 1 ® x m g> 1G 23 , a;™" 1 ® 1 g> xG 12 + x m ' x ®x® 
lGi 3 + x (8 a;" 1 " 1 <g 1G 23 , . . . , 1 ® 1 ® x m Gi 2 + 1 <g x m g> 1G 13 + x m g> 1 ® 1G 23 of 
Ej m - X (3). 

Lemma 3.4. The kernel of d : £^" _1 (3) -> £$ m (3) is one dimensional and is 
generated by the vector W — (2m, 2m — 3, 2m — 6, ... , — m + 3, — m). 

Proof. From the previous lemma the dimension of the kernel is < 1, and now we 
compute the differential of W: 

W = 2m(x m ® 1 (g) 1Gi 2 + x m <g 1 <g IG13 +l0x m ® 1G 23 )+ 

+ (2m - S)^™- 1 ® 1 g> xGi 2 + a;" 1 " 1 <g x <g 1Gi 3 + a; g> x" 1 " 1 (g) 1G 23 ) + . . . 
+ (2m - 3a)(x m - Q <g 1 <g x a Gi 2 + x m " a g> x a <8> 1G 13 + x a ® x m ~ a ® 1G 23 ) 
+ . . . + (2m - 3m) (1 ® 1 g> x m G i2 + 1 (g x m g> 1G 13 + x m <g> 1 ® 1G 23 ). 

A monomial x° (g x & <g> x c , m>a>b>c>0, a + b + c = 2m appears at most once 
in the differential of each of the rows of W , and the total sum of its coefficients 
equals 

(2m - 3a) + (2m - 36) + (2m - 3c) = 6m - 3(a + b + c) = 0. 
Hence dW = and the kernel of d : fif"" 1 ^) -> E$ m (3) is one dimensional. □ 

Lemma 3.5. For m < k < 2m — 1, the space of cocycles in E^ m ^ +2fe (3) is one 
dimensional. 

Proof. Multiplying the cocycle W G E[ 2m 1 )+ 2m (3) by the symmetric scalar tk — 
x fc (gl® l + l<8x fe (g>l + l(g}l<g)x fe , k = 0, . . . ,m — 1, we obtain an5 3 invariant cocycle 
which is not zero, since the coefficient of x m ig)l(gx fe Gi 2 in t^W is 2m+2(2m — 3fc) = 
6m — 6k, which is non-zero for k ^ m. □ 

Remark 3.6. The element t m W is also a cocycle, but t m W = 0. 

Now we can compute the Poincare polynomial for the unordered configuration 
space G(CP m ,3): 

Proposition 3.7. The Poincare polynomial of the unordered configuration space 
G(CP"\3) is given by: 

m—l 2ra— 1 

Pc(cpm,3)(t,s)= £ (P 3 ,< m (k))t 2k + £ (P 3: < m (k) + m-k-l)t 2k + 

k—0 k—m 

3m — 1 3m — 1 

+ E (P 3 ,< m (k)-im + k)t 2k + J2 st 2 *- 1 ^ 

k—2m k—2m 

= l + t 2 + 2t 4 + 3t 6 + 4t 8 + 5t 10 + 7t 12 + 8i 14 + 10t w + 
+I2t 18 + ... + 2t 6m - 16 + t 6m - u + t 6m - 12 + 
+s(t im - 1 + t im+1 + ... t 6rn - 5 + t 6rn ~ 3 ). 

where, in the second expansion, the coefficient of t 6m ~ 12 is stable for m > 5 (the 
coefficient of t 6m ~ 14 is stable for m > 6 and the first terms for m> 10). 
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Proof. The proof follows from the computations of the multiplicity of the trivial 
representation V(3) in ]7;( 2m ~ 1 ')+ 2k an j fi^k m Section 2 and the Lemmas 13.11 and 
13.51 For k — 3m — I, < I < 6, we have Pz,< m {k) = P3,< m {l) so 

Pz,< m {k) -3m + k = P 3 .< m (l) - I 

which is zero for < I < 5; for I = 6 and m > 6 we have P3,< m (6) = 7, giving 
/?6m-i2 = 1- For m = 5 the monomial t ls belongs to the second sum and its 
coefficient is 1. The initial terms in the second expansion are stable for m > 10: 
P 3 ,<m(10) = P 3 (10). □ 

Remark 3.8. For m = 2, 3, 4 we have 

PC(CP3,3)(M) = l + t 2 + t 4 + s{t 7 + t 9 ), 

Pc(cpz 3) (t, s) = 1 + i 2 + 2£ 4 + 2i 6 + i 8 + s(* n + £ 13 + i 15 ), 

^c(cp*,3)(*, = 1 + t 2 + 2i 4 + 3t 6 + 3< 8 + 2t 10 + 2t 12 + s(t 15 + t 17 + t 19 + t 21 ). 

The differentials of the (2, l)-component have similar properties. 

Lemma 3.9. For < k < m — 1, i/ie differential cfo.i *s infective 

d : S ( 2 "- 1 )+ 2fe (2 7 1) M £ 2 ™+ 2fc (2, 1). 



Proof. The space £7j 2m 1 )+ 2fe (2, 1) consists of copies of V(2, 1), V a (where a runs 
from to k), generated by vectors of the form: 

'13 
*23- 

We define increasing nitrations {V^} and {Mi}, < i < |_§J> on E*(2,l) and 
Eq(2, 1) respectively by 



Vl ia = X k ~ a ® 1 ® X a Gi2 ~ X k ~ a ® X a ® lGi 

«2 a = x k ~ a ®1® a; a Gi2 - x a ® x fc ~ a ® 1G 2 



Vi = (V a +V fe _ a ), 

0<a<i 

M-i = (2, 1) - isotypic component of Q(S 3 x a ® x b ® x c ) , 

m-l>a>b>c>0 
a+b+c—ra+k 

M l = Mi-i@{2, 1) - isotypic component of Q{S 3 x m ® x fc_t <g> x l ) 

These filtrations are compatible with the symmetric structure and d(Vi) < A4i- 
We show that the differential induces an injective map between associated graded 
6>3-modules: the matrix of the induced differential from Vi/Vj-i to M.i/ ' M.i-\ 
contains the following block given by the coordinates of dv± t i, dv2,i, <fo>i,fe-i in the 
canonical basis (x m <E> x k ~ l <E> x l , x r 



® 


x l g 


3 x k \x k 1 ® x m ® x l , . 


■•) 


1 


1 






-1 





.:)■ 




1 


1 







hence the dimension of d(Vj/Vi_i) is greater or equal to 3. By Schur lemma 
dim dtyi/Vi-i) — 4, hence the "graded" differential is injective. In the very special 
case of an even fe, i = ~, the component V;/V;_i = V, + Vfe_, has dimension 2, 
the differential is non-zero, hence injective. □ 

Lemma 3.10. For m < k < 2m, the dimension of the space of cocycles in the 
space E[ 2m 1 )+ 2fe (2, 1) is at most two. 
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Proof. In the proof we use the method of Lemmas 13.21 and 13.91 We will show that 
the differential is injective on a subspace of codimension two, W, using an associated 
graded morphism. In the case k = 2m, W = and the injectivity is obvious. Let 
us define the V(2, 1) submodulcs W OJ < a < 2m — 1 — k, by 

W ha = X m ~ a ®l®X k+a - m G 12 ~X m - a ®X k+a - m (dlGu 
W 2 ,a = X m - a <S)l®X k+a - m G 12 -X k+a - m <S)X m - a <S)IG 2 3, 

next the increasing nitrations Wi and Mi for < i < [ 2m 2 ~ k \ by 
Wo = Wo, 

w, = W ®( © (W a +W 2m _ fe _ a )), 

l<a<i 
W = W L 22^*j, 

= (2, 1) - isotypic component of Q(S 3 x a ® a: 6 ® x c ), 

m>a>b>c>0 

M = M-i ©(2,1) -isotypic component of Q(S 3 x m <g) a;" 1 " 1 <g) x fc - m+t ). 

The filtrations are compatible with the differential and the symmetric structure. 
The associated graded differential Wi/Wj-i — > A/i/A/i-i is injective: 

1) for i = 0, Wo/W-i = W is a simple module and d(W ) 7^ 0; 

2) for % > 1, the coordinates of d(wi,i), d(w2,i), d{wi l 2m-k-i) in the basis (cc m ® 
x™-* <8> i'- m+ *,i m <g> x fc - m+I <g> x m - J , a;™" 1 ® x m <g> x k - m+ \ . . .) is given by the 
matrix in the proof of Lemma 13.91 

3) in the special case of an even k and 2i = 2m — k, the component Wt/Wj_i 
has dimension 2 and the differential Wi/Wi-i — > Ni/Ni-i is non-zero, hence 
injective by Schur lemma. □ 

Lemma 3.11. For m < k < 2m, the space of cocycles in E[ 2m 1 )+ 2fe (2, 1) is two 
dimensional and it coincides with the space of coboundaries. 

Proof. This is a consequence of the previous lemma and of the fact that the differen- 
tial d : El {2m ~ 1)+23 (2, 1) = V{2, 1) -> E[ im - 1)+2j (2, 1) is non-zero for < j < m, 
hence the space of coboundaries has dimension two, by Schur lemma. □ 

In the next two propositions, the term corresponding to an d the term 

corresponding to [^r] should be taken only once for m even. 

Proposition 3.12. The Poincare polynomial of the (2,1) component of the coho- 
mology H*(F(CP m ,3)) is given by: 

m-i L^J 
f , (F(CP»,3))(2,i)(t,«) = E 2^ 2A (k)t 2k + £ 2( i i 2A (k)~k + m-l)t 2k + 

k—1 k—ra 
2m-l 

+ J2 2(fJ- 2 ,i(3m-k)-k + m-l)t 2k + 

3m— 1 

+ E 2{Li 2A {3m - k) - 3m + k)t 2k = 

k—2m 

= 2t 2 + 4i 4 + 6t 6 + 10t 8 + ...+ 4t 6m - w + 2t 6m - s . 

where the coefficients in the second expansion become stable for m > 5. 

Proof. This is a direct consequence of dimensions counting for E*(2, 1) in Section 
2 and the previous three Lemmas. The coefficients in the second expansion are 
computed using Proposition 12.11 and the Appendix. □ 



3-points configuration spaces 
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Remark 3.13. For m = 2,3,4 we have: 

P(F(CP 2 ,3))(2,l){t, s) = 2t 2 + 2t 4 

^(F(CP3,3))(2,i)(t, s) = 2t 2 + At 4 + At e + At 8 + 2t 10 

^(F(CP*,3))(2,i)(*, s) = 2t 2 + At 4 + 6t 6 + 8t 8 + 8t w + 6t 12 + At 14 + 2t 16 

The contribution to the cohomology of the (1,1,1) component is obvious from 
the table in Lemma \2. II 

Proposition 3.14. The Poincare polynomial for the (1,1,1) component of the 
cohomology H*(F(CP m ,3)) is given by: 



L^irJ 3m — 3 

^F(CP-,3})(i, l ,i)(*. fl ) = E Mi,i,i(fc)^+ £ Mi,i,i(3m-/c)t 2fc 



fe=3 fc=r^i 

= i 6 + 2< 8 + ... + 2t 6m - 8 + < 6m - 6 . 

Proof of Theorem ll.il The Poincare polynomial of E* is 

Pjj. (t,s) =a q (l + t 2 + ... + t 2m f-H^ 2m - 1 h q , 
where £ = (1 + + 2t) is the Poincare polynomial of the Arnold algebra 

i>0 

-A(3) = H*(F(C, 3)), see PQ. From the previous Lemmas the Poincare polynomials 
of the spaces of cocycles in E^(3) and E*(2, 1) are given by: 

^(3)(M) = sit 4 " 1 - 1 + t im - 3 + ... + t 6m - 3 ), 
Pzi{2,i){t,s) = 2s{t im - 1 +t im - 3 + ... + t 6m - 1 ). 

Thus we have 

*V(CP»,3)(t, «) = (1 + 1 2 + t 4 + ■ ■ • + t 2m ) 3 - [3(1 + t 2 + t 4 + . . . + t 2m ) 2 t 2m - 
-{t 4rn + t 4m+2 + ... + t 6m - 2 ) - 2(t 4rn + t 4m+2 + ... + t 6m )} 
+s(t 4m - 1 + t 4m+1 + . . . + t 6m - 3 ), 

and a straightforward simplification gives the result. □ 
In Section [1] the (k, q) supports of E* and H* are drawn for each of the three 
types of 53-modules and for the stable cases: m > 5. 

4. Algebra structure of the cohomology 
The configuration space F(CP m , 3) is the total space in two natural fibrations: 

CP m ^ F(CP"\3) -4 F(CP"\2), 
F(CP m ,2) <— > F(CP m ,3) -> CF m , 

o oo 

see [FN] . If A" is a connected manifold, A and A denote the spaces A\ {one point} 
and A \ {two points} respectively. For m = 3 and m = 4 the spectral sequences 
associated to these fibrations are used in [5] to reduce long computations with 
the Kriz model. Using the Poincare polynomial of F(CP m ,3), Theorem 11.11 we 
can describe the structure of the Serre spectral sequences corresponding to these 
fibrations, proving some conjectures from [S]. The terms of spectral sequences will 
be written in bold characters E*'*. We will use the notation r rn (x,y) = x m + 
x m ~ 1 y + ...+ y rn and C m {t) = r m (l, t 2 ) = 1 + t 2 + . . . + t 2m . The cohomology of 
the fibers are given in the next lemma: 
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oo 

Lemma 4.1. a) The cohomology algebra of CP" 1 has the presentation: 

H*(CP m )=Q{y,z\y m ,yz) 
with \y\ — 2, \z\ — 2m — 1. Its Poincare polynomial is given by 

p„» p jt) = c m _ 1 (t) + t 2m - 1 . 

O 

b) The cohomology algebra q/-F(CP m ,2) has the presentation: 

H*(F(C°P"\ 2)) £ C(y, z, u \ y m ,z m , r m (y, z), yu, zu) 
with \y\ = \z\ = 2, |u| = Am — 3. /is Poincare polynomial is given by 

P o (t) = 1 + 2t 2 + 3t 4 + . . . + mt 2m - 2 + (m- 2)t 2m + 

F(CP m .2) 

+(m - 3)t 2m+2 + ... + 2t 4m - s + t 4m - 6 + t 4m ~ 3 . 

o 

Proof, a) Obviously CP m ~ CP m ~ 1 and the Mayer- Vietoris sequence for the de- 

o oo 

composition CP TO = CP TO U D 2m gives the Betti numbers and the algebra mor- 

phism P*(C°P m ) H*(CP m ), injective for * < 2m - 2. 

b) For these computation we use the version of the Kriz model for a punctured 

o 

complex projective manifold X introduced in |BMPj (X is simply connected and 
the coefficients should be complex): the fundamental class u> becomes 0. Denote 
by y, z and u the cohomology classes of x (8 1, 1 <S> X and a; m_1 (g> IG12 respectively. 
The equality x m — in the model implies y m = z m = and also yu = zu = 0; the 
relation r m (y, z) = is a consequence of dG\i — y m ~ 1 z + . . . + yz" 1 ^ 1 and of the 
relations y m = z m = 0. A basis for the cohomology is 

{1; y, z- y 2 , yz, z 2 ; y m ~\ y m - 2 z, z m ~\ y^z, y 2 z m ~ 2 ; y^z^ 2 ; «}. 

□ 

We show that the two spectral sequences have a nontrivial differential at a unique 
place: for the first fibration, the "first" differential, d,2, and for the second one, the 
"last" differential, d,2m, are non zero. 

Proposition 4.2. The Serre spectral sequence of the fibration 
CP" 1 ^ P(CP"\ 3) F{CP"\ 2) 

collapses at E3'* . 

Proof. The cohomology algebra of the base is a simple consequence of the Kriz 
model (one can see [S], Theorem 1,2): its Poincare polynomial is: 

-Pf(CP"\2)(0 — C m -i(t)C m (t). 

All the differentials in the lower rectangle (4m — 2) x (2m — 2) are zero for degree 
reason. From O the (6m - 5) th Betti number of P(CP m , 3) equals 1, therefore 
Ej4m-4,2m-i should contain a cocycle, and this implies that 

d 2 {l <g> z) = {Xx <g> 1 + nl <g) a;) ® y m_1 , 

where at least one of the complex numbers A, /1 is non zero. As a consequence, the 
differential 

1 T7i*,2m— 1 T7i*+2,2m— 2 
U2 : -CJ2 — ' -*^2 
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is injective for i = 0, . . . , 2m — 2 and surjective for i = 2m — 2, ... , Am — 2 because 
the matrix of cfo with respect to the bases {x j ® x 1- ^ <8> z} and {x^ <g> x 1-3 <8> y m_1 } 
contains two triangular blocks, at least one of maximal rank: 




[x < 
[1« 



Computing the Poincare polynomial of the term E 3 ' we find 
P E ;-(t) = C ro _ 2 (i)C ro _ 1 (t)C m (i) + i 2 ™- 2 C m _ 1 (i) + ^- 1 C ro _ 1 (t) = 

the same with Pp( Cpm 3 )(t). □ 

Proposition 4.3. The Serve spectral sequence of the fibration 

F(CP m , 2) ^ F(CP"\ 3) -> CP" 1 
/ms a unique non-zero differential dim '■ E^" 1-3 — > E 2 .™' 2 " 1-2 . 
Proof. In the proof we will use complex coefficients (necessary for the given pre- 

o 

sentation of H*(F(CP m , 2); C)); the structure of the differentials in the spectral 
sequence with complex coefficients gives the same structure for the rational spectral 
sequence. 

Like in the previous proof, non zero differentials could appear only on the top 
horizontal line E*' 4m ~ 3 , the remaining classes having even degrees. Its first Poincare 
polynomial is 

P E .,4 m -3 (t) = t 4m - 3 + t im - X {\ +t 2 +t 4 + ...+ t 2m - 2 ), 

whose second part equals the Poincare polynomial of the odd cohomology of the 
space F(CP ro ,3). Therefore 1(g) u G E2' 4m ~ 3 has a non zero differential and x k ® u 
must be a cocycle for k = 1, 2, . . . , m. 
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All these imply that 



d 2 = ... = d 2n -i = Q,d 2m {l®u) = ^^(co^-^ciy" 1 2 z + . . . + c m _iz m x ) ^ 0, 



In the second part of this section we give a presentation of the cohomology 
algebras of the ordered and unordered configuration spaces. 

Lemma 4.4. The subalgebra of cocycles Z*(CP m ,3) in E*(CP m ,3) has the pre- 
sentation (as a graded commutative algebra): 



Proof. From Lemmas 13.41 13.5l and l3.111 the algebra of cocycles has three generators 
x®l®l,l(8>a;®l,l(8>l0a?in degree two and three other generators in higher 
degrees, W G E^ 1 ^) and V U V 2 G E 1 4 "^ 1 (2, 1), where 

Vi= {x m <g> 1 ® 1 + x™- 1 ®a;®l + ... + l®a; m (g) 1)G 13 - 
-(x m <g> 1 ® 1 + x TO_1 + + a: m )Gi2, 

V 2 = {x m ® 1 ® 1 + i" 1 " 1 ®a;®l + ... + l®a; m ® 1)G 23 - 
-(x m (g> 1 O 1 + a;™^ 1 ®l®a; + ... + l®l® a; m )Gi 2 . 

From the algebra B with the above presentation, we define a map 9 : 6 — > Z* by 

Oj l ^ $ (#), W l-> W, Uj I ^ V,-, 

and this is well defined because: 

1) a: m+1 = implies 6»(a™ +1 ) = and, from Remark EH 9{s m w) = t m W = 0; 

2) for every z = 1,2,3, the product p*(x)V\ equals 

{x m ® x ® 1 + . . . + x ® x m ® l)Gi 3 -{x m ®l®x + ... + x®l® x m )G 12 ; 

3) the cocycles WVi and V\V 2 must be zero due to injectivity of d : E^ — > E*; 

4) the polynomials t 2 W and 3t 2 W are symmetric, so it is enough to compute 
the coefficients of G\ 2 : we find the same value 

(18m - 36)x m ® 1 <g> x 2 + (18m - 63)x m_1 <g> 1 <g> x 3 + . . . - (9m - 18)x 2 ®l®x m , 

and in a similar way, the coefficients of G\ 2 in t\t 2 W and 3t3VF coincide: 

(18m - 54)x m ® 1 ® x 3 + (18m - Sl)^" 1 ® 1 <g> x 4 + . . . - (9m - 27)x z ®l®x m ; 



and also that d 2m +\ — d 2rn+2 = . . . = 0. 



□ 
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5) a basis of the three dimensional space Z l m+ is given by the cocycles tiW, 
P*(x)Vj (j = 1,2). The formulae 

pl(x)W= l/3t 1 W-p* 1 (x)V 1 + 2p* 1 (x)V 2 , 
p* 2 {x)W = l/3t 1 W + 2p* 1 (x)V 1 -p* 1 {x)V 2 , 
P* 3 {x)W= l/ShW-ptix^-pKx^ 

are obtained by direct computations. 

The map 9 is surjective because the generators {p*(x)}i=i, 2 . 3 , {Vj}j=i, 2 an d 
W belong to the image. The restriction of 9 to Bo, the subalgebra generated 
by {oi}i=i,2,3, is injective. The defining relations of B show that each homogenous 
component of B\, the ideal generated by the elements w, {vj}j = i t2 is the span of the 
elements s\w, a\v\, a\v 2 ; therefore 3 > d\mB\ > dimZ^ = 3 (with one exception: 
2 > dimBf"- 1 > dimZf" 1 " 1 = 2) and 9 is an isomorphism. □ 

Proof of Theorem \1.3\ Let us denote by A the graded commutative algebra 

(ai,a 2 ,Q!3,?7 | a™ +1 ,r m (a l ,a J ), (a* - aj)r], a™r\) 
where \on\ = 2 and |?7| = 4m — 1. We define the algebra morphisms tp, tpo and ip 

Z *(CP m ,3) — -| B 

A ^ > H*(F(CP m ,3)) -$---A 



and we show that tp is surjective and iptp = id a- 

The morphism tp given by oti i— > [p* (x)] , rj <— > [W] is well defined: 

1) x m +! = implies <p(a™ +1 ) = 0; 

2) we have tp(r m (a l , a 3 )) = [dG tj ]; 

3) tp({a\ — oi 2 )r)) = is a consequence of the following computation 

(x®l®l-l®a;(g) l)W = 3{x m ®x®l + ... + x®x m ® 1)(G 23 - G 13 ) 

= d(3(l ® x ® 1)G 13 G 23 ) 

and similarly for the relation tp((ai — 0(3)77) = 0; 

4) tp(a™rj) — [x rn <g> 1 <8> 1] [W] and this product is represented by the coboundary 

(i ra ®l® 1)W = x m ®x m ® 1(2toG 23 - mG 13 ) - m{x m ® 1 ® x m )Gi 2 = 
= d(m(x m <g> 1 ® l)(2Gi 2 G 23 - Gi 2 Gi 3 )). 

The even part of the cohomology is generated by [p|(aj)] 1=1,2,3 and its odd part by 
[t*W], see Lemmas 13.51 and T3.1H therefore tp is surjective. 

The algebra morphism ?/>o : B — >• A given by ^ H a,,w 77, Vj 1 — is well 
defined: 

1) ?AoK n+1 ) = a T +1 = and the relations ip (a™ +1 ) = 0, i = 2,3 are conse- 
quences of a™ +1 = and (a\ — a.i)r m (a\, on) = 0; 

2) ipo(smw) — is a consequence of a™?7 = 0; 

3) the relations containing only monomials in Vi,v 2 are obviously sent to zero; 

4) the relation (sf — 3s 2 )u; is sent to (rj 2 — 3r 2 )?7 = ((3«i) 2 — 9af)r? = (where 
Tk = oq + a 2 + af), and similarly for (sis 2 — 3s 3 )ui; 
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5) the last three relations in B are sent to zero because Vj i— > and a iij = ^ti??. 
The morphism V>o annihilates the inverse image of the ideal of coboundaries in Z* , 
hence it induces the algebra morphism ip : H* — > A: 

1) iPo(8~ 1 (dG ij ))=r m (a i ,a j )=0; 

2) from LemmaEIlwe have ij)o{B~ x {dE^)) = ip Q {6- 1 (E^(Vx, V 2 ))) = 0. 
Finally, the composition tpip leaves fixed the generators of A, hence ifxp — id. □ 

In the next lemmas and their proofs the rational polynomials P k are defined in 
Section Q] if T k = X? + X| + X§, then T k = P k (T 1 ,T 2 , T 3 ), and a u a 2 ,a 3 are the 
Victe polynomials expressed in terms of Newton polynomials: 

<Tl=T!, CT 2 = ^{T?-T 2 ), ^ = ^-^^ + ^3. 

Lemma 4.5. The algebra of S3 -invariant cocycles has the presentation: 

(n,T 2 ,T 3 , 77 I P m +i, P m +2, P m +3, (ff - 3t 2 )?7, (nr 2 - 3r 3 )?7, P m rj}, 

where |r»| = 2i (i = 1, 2,3), \rj\ = 4m - 1 and P k = Pk{n,T 2 ,T 3 ). 

Proof. As in the proof of Lemma 1441 we define a surjective algebra morphism 9 
between the algebra C given by the above presentation and Z*(3): 

9:C — +Z*(3), n i= 1,2,3, 77 h+ W. 

The clement 9(P k (ri, r 2 , T3)) = £ A . is zero in Z*(3) for fe > m+ 1 and the images of 
the last three relations are zero from the steps 1 and 4 in the proof of Lemma WM 
The Newton symmetric polynomials ti, t 2 , £3 generate Zq(3) and, from Lemma l3.51 
Z*(3) is generated by ii , £2, *3 and W, hence 9 is surjective. We denote by Co the 
subalgebra generated by n, r 2 , T3 and by Ci the ideal generated by 77. We have 

1 > dimCf > dim Z k (3) = 1 for jfe = 4m - 1, 4m + 1, . . . , 6m - 3 

due to Q(t\, t 2 , T3)ry = <3(ti, , |"rf )7y; this relation and P m f] = imply 

= dimC^ 1 = dimZf™- 1 . 

Now we construct an inverse of the restriction map 9\c a : the algebra map 

e : Symm[Xi, X 2 , X 3 ] = Q[T X , T 2 , T 3 ] C given by T, ^ n 

induces a map Zq(3) — > Cq because e is zero on the sums Q a ,b.c — n (Xf X|X 3 ) 

(a>6>c>0)ifa>m + l: 

1) first P m+ i = P m+2 = Pm+3 = in C implies that F fe = a\Pk-\ - o- 2 P k - 2 + 
o~ 3 P k - 3 is also zero in C for any k > m + 4; 

2) secondly, Q ajb , = P a A - -Pa+6 and 

Qa,b,c = PaPbPc — (-Pa+h-Pe + Pa+cPb + PaPb+c + -Pa+b+e)- 

□ 

Lemma 4.6. TTie vector space El k+2m - 1 [3) is generated by 

T k = x k ® 1 (g> IG12 + x fe ® 1 (g) IG13 + 1 <8> £ fe ® 1G 23 and M {t 1 ,t 2 ,t 3 )T , 
where M is an arbitrary monomial of degree 2k. 



3-points configuration spaces 17 

Proof. By induction on k: for k = we have E^" 1 ^ 1 ^) = Q(r ). The canonical 
basis in ^ k+2m_1 (3) is given by 

{B itj = x i ®l® x j G 12 + x l ® x j ® 1Gi 3 + x J ® x i ® lG 23 }i +:)= fc. 

Now we start an induction on j: if (i, j) = (fc, 0) we have r^; if j > 1 we find that 

= ttBij-i — 2Sj_|_ij_i 

is a linear combination of and M(ti,t 2 ,t3)To. □ 



Proof of Theorem \l-4\ This is similar to the proof of Theorem 11.3) in the next 
diagram V is the algebra presented in the statement of Theorem 11.41 and C and 9 
are from Lemma 14.51 

c — |— - z:(s) 



The induced algebra morphism ip : ti <— > [ti], i = 1, 2, 3, r\ i— ^ [W] is an isomorphism 
because the ideal generated by n is isomorphic to Z*(3) = HI (3) (see Lemma |4~5|) . 
and the subalgebra generated by t\, t 2 , t 3 is isomorphic to Hq (3) = Zq (3)/.Bq(3): 
the preimage of coboudaries in Z * (3) is generated by the three relations containing 
quadratic terms in P*, as a consequence of Lemma l4. Gl and of the following relations: 



d(T ) = ^(P -Pm+i 5 l-Pm-l + --- + i 5 m-Po- (m + l)P m ), 

d(Ti) = 9(P 1 P m + P 2 P m _ 1 + ... + P m P 1 ) 1 

d(T 2 ) = 9(P 2 P m + P 3 P m - 1 + ... + P m P 2 ), 

d(M(ti,t 2 ,t 3 )T ) = M(t u t 2 ,t 3 )d(T ), 

d(T k ) = d(aiT k ^ 1 - cr 2 T k ^ 2 + er 3 r fc _ 3 ) = 

= <7id(T fc _i) - cr 2 d(T k ^ 2 ) + <7 3 d(r fc _ 3 )). 

For k = 4, in the last relations we have to use also the relation a 3 P m = 0, and this 
is a consequence of P k = for k = m + 1, m + 2, m + 3. □ 

5. The stable cohomology classes 

For the infinite dimensional complex projective space we will consider configu- 
rations with an arbitrary number of points. 

Theorem 5.1. The inclusion map 

i : P(CP°°,n) ^ (CP 00 )™ 

is a homotopy equivalence. 

Proof. We define the homotopy inverse of the inclusion map i by 

/ : (CP 00 )™ -> P(CP°°, n), (P , Pi, ... , P n -x) ^ (Qo, Qi, • ■ • , Qn-l), 

where the coordinates of Qj — [q$ : q{ : . . . ] depend only on the coordinates of 
P, = [pi :p{ :...]: 

q 3 ni+ j = p? and q{ = for the rest of coordinates. 
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For instance, if n = 3, the triple (Po,Pi,P2) (of not necessarily distinct points) is 
sent to the triple of distinct points (Qo, Qi, Q2): 

P = \p° : p? : p° : . . .] Q = [p° : : : p? : : : p° 2 : : : . . .] 

Pi = [Ph ■ p\ ■ p\ ■ ■ ■ ■} -> Qx = [0 : p\ : : : p\ : : : p\ : : . . .] 
Pi = bo : Pi ■ Pi ■ ■ ■ •] Q2 = [0 : : p 2 : : : p\ : : : p\ : . . .] 

The homotopy is given by H : (CP 00 )" x/-> (CP 00 )", 

((P , . . . , P„-i), *) 1 ^ ((1 - t)P + tQ , . . . , (1 - t)P n _i + *Qn-l), 

where, for P = |po : pi : . . .] € CP 00 and Q = [go : Qi : . . .] with = linear form in 
Po,Pi, • ■ • , the point (1 — t)P + tQ is defined as [(1 — t)po + tqo : (1 — t)pi + tqi : 
. . .] ; this makes sense in our case because the last non-zero entry pi gives a last 
non-zero entry in (1 — t)P + tQ. The map H is continuous on finite skeleta of 
(CP 00 )" x / and its restriction h to P(CP°°, n) x / takes values in P(CP°°, n): in 
fact we have P((CP°°)" x (0,1]) C P(CP°°,n). Obviously P | t=0 = id = | t=0 , 
H | t=1 = to/,/i | t=1 = /ot. □ 

Corollary 5.2. TTie induced action of the symmetric group S n on the cohomology 
algebra of the configuration space P(CP°°, n) is the natural action on the polynomial 
ring Q[xi, . ..x n }. 

Proof. The inclusion P(CP°°, n) ^ (CP 00 )" is 5„-equi variant and induces an iso- 
morphism in cohomology. □ 

Proof of Theorem \1.5[ Clear from l5.ll and l5.2l It is also clear that the first isomor- 
phism is true with coefficients in Z. □ 



Proof of Corollary\Uh Using [T], the image of the map i* : H*{X n ) -> H*{F(X,n)) 
is contained in Hq(F(X, n)). For the space CP m , the first non zero coboundaries 
are d{El m ~ x ) < E$ m . In the range k € {0, 1, . . . , 2m - 1} we have 

H*(F(CP m ,n)) = P fe (P(CP" l ,n)) £ E$(F(CP m ,n)) = H k {{CP m ) n ) 
P fc ((CP°°)") = H k (F{CP°°,n)). 

□ 



6. Configurations of collinear and non collinear points 

For dimensions 2 < m < 00 the 3-point configuration space P(CP m ,3) splits 
into two parts: 

P(CP m ,3) =P c (CP m ,3)|JP nc (CP"\3), 

where P c (CP m ,3) is the space of all configurations of three collinear points in 
CP™ and P„ c (CP m ,3) is the configuration space of three non-collinear points. 
We compute the Betti numbers and (partially) the multiplicative structure of the 
cohomology algebras of these spaces. We begin with the finite dimensional case. 

Proposition 6.1. The Poincare polynomial of the space of configurations of three 
collinear points in CP m is given by: 

P Fc{C p^, 3) (t) = (l + t 2m+1 )C m ^(t). 
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Proof. There are two natural fibrations (see jFNj and jBPj . Proposition 2.2): 

(I) S 1 ~ CP 1 <-} P C (CP™\ 3) A F(CP rn , 2) 
(17) P(CP\3) ^ F c (CP ro ,3) Gn(CP m ) 

The bases of these fibrations are simply connected and the E 2 page of the Leray- 
Serre spectral sequence are given in the figure: 



a 2 



E5'*(7J) 




The cohomology algebra H + (F(CP 1 , 3)) is concentrated in degree three and 
the odd cohomology of the Grassmanian Gri(<CP m ) — Gr 2 (C m+1 ) is zero, hence 
ft(F c (CP m , 3)) = 0. This implies that d 2 (x) = Xai+^ia 2 in E%*(I), where at least 
one of the scalars A and /i is non zero. By the same argument as that in Proposition 
14.21 we see that <i 2 : E?,' 1 — > E 2 +2 '° is injective up to i = 2m — 2 and surjective for 
i = 2m — 2, ... , 4m — 2. Thus the Poincare polynomial is 

2m+l\ 



iV c (CP™,3)(*) = (1 + t Zm+L )C m - 1 (t) 



□ 



Proposition 6.2. The Poincare polynomial of F nc (CP m ,3) is given by: 

PF nc (CP m ,3){t) = C m -2(t) • C m _i(t) • C m (t). 

Proof. By Poincare-Lefschetz duality we have 

Hi(CP m \ CP 1 ) = H 2m - i (CP m ,CP 1 ); 

from the cohomology long exact sequence of the pair (CP m , CP 1 ) we find 

Pcp^ycP 1 (*) = C rn -2(t). 

Therefore the spectral sequence associated to the fibration (see |BPj . Remark 2.5) 

CP" 1 \ CP 1 ^ P nc (CP m , 3) -4 P(CP m , 2) 

is concentrated in even degrees and degenerates at the E 2 term; the Poincare poly- 
nomial is given by 



Pp ne (CP m ,3) — C m -2\t) ■ C m -i(t) ■ C m (t). 



□ 



In the second part we compute the cohomology algebras for collinear and non- 
collinear configurations in the infinite dimensional projective space. 

Proposition 6.3. The configuration space of three collinear points in CP°° has 
the cohomology algebra of CP 00 

P*(P C (CP°°,3)) P*(CP°°). 
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Proof. We will use the spectral sequence argument given in Proposition 16.11 first 
proving that the following are Serre fibrations: 

(J) S 1 ~ CP 1 F C (CP°°,3) Af(CF°°,2) ~ (CP 00 ) 2 
(17) P(CP\3) ^ P C (CP°°,3) -> Gri(CP°°). 

For the second one the image of H : e m x I — > Gri(CP°°) is contained in some 
finite skeleton Gr 1 (CP r ). Also there is an s such that h(e m ) C (CP S ) 3 so Im(/i) 
lies in P C (CP°°, 3) fKCP 5 ) 3 = P C (CP S , 3): 

e m A P C (CP"\3) — >P C (CP°°,3) 



e m x 7^Gri(CP m ) — > Gri(CP°°) 

Take m to be the maximum of r and s, then the homotopy iJ lifts to P c (CP m , 3) 
because P(CP\3) ^ P C (CP"\3) -> Gr x (CP m ) is a locally trivial fibration (see 
[BP])- Similarly one can show that (II) is also a Serre fibration. The spectral 
sequences associated to these fibrations start with: 




From the second spectral sequence, the first Betti number of P C (CP°°,3) is zero, 
hence in the first spectral sequence we have d,2{x) = y, after a change of basis. 
Therefore, in the first spectral sequence, 

E 3 = Eoo = C[z] where \z\ = 2. 

□ 

Remark 6.4. Using the ideas from Theorem \5.1\ one can find a map f 

CP 00 -4p c (CP°°,3) p 4 1 CP 00 , /' /<:::/;, (Qo.Qi.Qa), 

where Q = \p : : p x : : . . .], Q 1 = [0 : p : : p 1 : . . .], Q 2 = bo = Po • Pi ■ Pi ■ 
. . .], such that pry o f ~ id, hence the algebraic isomorphism from Provosition 1 6. 3\ 
is induced by a continuous map. 

Proposition 6.5. The configuration space of three non-collinear points in CP 00 
has the homotopy type of the ordered configuration space of three points 

F nc (CP°°, 3) ~ P(CP°°, 3) ~ (CP 00 ) 3 . 

Proof. In the proof of Theorem 15. 1[ the points Qo,Qi, Qi are non-collinear. □ 

Remark 6.6. More generally, F nc (CP°°,n) ~ (CP°°)™ 7 with the same proof. 



3-points configuration spaces 



21 



7. Appendix: Counting partitions in three parts 

In this elementary section we give closed formulae for the number of partitions 

P 3 (k) = card{(a,b,c)\a>b>c>0, a + b + c = k}, 
Pz,<m{k) = card{(a, b,c)\m>a>b>c>0, a + b + c = k} 

and we prove unimodality for the sequences of even and odd Betti numbers for 
the configuration spaces discussed in this paper. We will denote by [x] the nearest 
integer to the real number x; for a; G Z+ 4 this is not defined but in all the following 
formulae this never happens. 

Proposition 7.1. a) The number of positive partitions of k into three parts a + 
b + c = k, a > b > c > 1 is given by [fjl • 

b) The number of non-negative partitions of k is given by Ps(k) — \_ ^ k ~[^ 1 

Proof, a) An expanded version for this (six cases) is given in [H] . The closed form 
can be found in |YY| . 

b) The non-negative partitions (a, b, c) of k are in bijection with positive parti- 
tions (a + 1, b + 1, c + 1) of k + 3. □ 

Proposition 7.2. The number of bounded partitions P 3l < m {k) satisfy the following 
properties: 

a) ForO<k< m, P 3 ,< m (k) = P 3 (k) = [&±f-]. 

b) For k > 3m + 1, P 3 ,< m (k) = 0. 

c) For^<k< 3m, P 3 ,< m (k) = P 3 ,< m {Zm - k). 

Proof, a) and b) are obvious, and for c) use the bijection 

(a, &, c) o (m — c, m — b,m — a). 

□ 

From this result, it is sufficient to compute the value of P 3 ,< m {k) for k between 
to + 1 and L^r J • 

Proposition 7.3. For to + 1 < k < L^J? ^ ne number of bounded partitions is 
given by 

,,\ i( fc + 3 ) 2 i \{k-m-lf 1 
P 3 ,< m (k) = L V 12 1 - L" 1 -1 +m-k. 

Proof. From the total number of non-negative partitions, P 3 (k), the number of 
solutions of a + b + c = k satisfying max(a, b, c) > to + 1 should be subtracted. 
Because a> b> c and k < [^J , only a could be greater than to: a = to + 1, to + 
2, . . . , k. For a fixed a, the number of solutions of 

b + c = k - a, fe>c>0 

equals L^pJ + 1- A simple computation gives L§J + L5J + • • • + Lf J = LifJ; an d 
taking p = k — m — 1, we obtain the formula. □ 

Now we show that the sequences of even and odd Betti numbers of the cohomol- 
ogy algebra H*{C(CP m , 3)) H*(F(CP m , 3))(3) are unimodal. 

Lemma 7.4. aj TTie sequence (P 3 (k))k>o is increasing (strictly for k >1). 

b) The sequence (P 3 .< m (k))o<k<3m is unimodal and symmetric, more precisely: 

1 = f3,<m(0) = P 3 ,<m(l) < P3,<m(2) < . . . < P 3 ,<m(L^J) = 
= P3,<m(\^f]) >■■■> f3,< m (3m - 1) = P 3 ,< m (3m) = 1 
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Proof, a) A solution of the equation a + b + c= k gives the solution (a + l) + b + c = 
k + 1 and solutions of the form a+a+b=k+l (a > b) can not be obtained in 
this way (for k ^ 1 one can find solutions of the form a + a + b=k + l). 

b) Similarly, for k < L^rJ , a solution a + b + c = k, m — 1 > a > b > c, gives 
a solution (a + 1) + b + c = k + 1, m>a+l>6>c, and a solution of the form 
to + b + c = fc gives a solution m+(6+l) + c = fc + l (6 can not be equal to to for 
k < LtJ)- Again we have strict inequality for k > 1 because solutions of the form 
a + a + b = k, (a > 6), are not in the image of the previous injective map. □ 

Proof of Corollary 1.2. Case 1: Betti numbers of F(CP m ,3). The even Poincare 
polynomial equals (1 + t 2 + . . . + t 2 '™- 1 ) 3 and the odd Poincare polynomial equals 
t 4m - 1 {l + t 2 + t i + ...+t 2m - 2 ). 

Case 2: V / (3)-Bctti numbers. The sequence of odd Betti numbers is fix = f3% = 
■ ■ ■ = /?4m-3 = 0, Pim-i = fiim+i = ■ ■ ■ = = 1- The sequence of even Betti 

numbers can be splitted into four parts: 

i) If < k < m — 1, f3 2 k = Ps t <m(k): the sequence is increasing (strictly 
increasing for k > 1); 

ii) If to < k < L^rJ, 02k = Pz,< m {k) + m — k — 1: the sequence is increasing 
because Pz,< m {k) < Pz,< m {k + 1) implies 

Pi,<m{k) + to - k - 1 < P 3 ,<m(fc + 1) + m - k - 2; 

hi) If [~^Fpl < k < 2to — 1, /32/c = -p3,<m(fc) ^ 3m + fc: the sequence is the sum of 
two strictly decreasing sequences; 

iv) If 2to < k < 3to — 1, /3 2 /c = P^,<m ~ 3to + k: the sequence is decreasing as in 
the second case. 

Finally, the join of these sequences is unimodal: 

a) /3 2 m-2 < hm, because P3.< m (m - 1) < Pz,<m{m) - 1 (here we need to > 2) 

b) /3 aL ^j > ft r¥1 ; p 3 ,< m (L^j)+m- l^j -i > p 3) < m (r^i)+™- r^i -1; 

c) ftm-2 > /?4m, because P 3i < m (2m - 1) - to > P 3j < m (2TO) - to. 

Case 3: V(2, 1)-Betti numbers. Like in the previous case, the terms of the first 
two sums in the Proposition 13.121 are given by an increasing sequence and those of 
the last two sums are given by a decreasing sequence. 

Case 4: V(l, 1, 1)-Bctti numbers. Using Proposition l3.14l this is obvious: the even 
sequence starts with three zeros, next is the increasing sequence P^^<m-2{k — 3), 
3 < k < [-^rj ; next the symmetric decreasing sequence, at the end there are three 
zeros and the odd sequence is constant zero. □ 

Remarks 7.5. a) In the special case of the projective line (to = 1), the sequences 
of Betti numbers are still unimodal: 

P C (CPK3)(t) = l+t 3 . 

b ) The sequences of even Betti numbers is not symmetric, for instance 
P C (CP*,3)(t) = (1 + t 2 + 2t 4 + t 6 ) + (t 7 + t 9 ). 
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